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A new method was proposed in this study to evaluate the natural frequency of a pile-soil system under earthquake loading using a 
simple mass-spring model. The diagonal, 4x4, mass matrix in the model consisted of concentrated masses of a pile and a 
superstructure. The flexural stiffness of the pile and the spring stiffness between the pile and the soil were used to construct the 
stiffness matrix in the model. These two matrices were then input in the frequency equation for calculating the natural frequency of the 
pile system. The spring stiffness between the pile and the soil, which considerably influences the calculated natural frequency, was 
evaluated by using the coefficient of subgrade reaction modulus, the p-y curve, and the subsoil elastic modulus. The resulting natural 
frequencies were compared with those of 1-g shaking table tests. The comparison showed that the method of Reese (1974), which 
utilizes the coefficient of subgrade reaction modulus, and Yang’s (2009) dynamic p-y backbone curve method calculated the natural 
frequency of the pile-soil system most accurately. Their results were within 5% of the values obtained from the shaking table tests for 





Once the predominant frequency of an earthquake loading 
coincides with the natural frequency of a piled structure, 
severe damage will occur in the structure due to resonance. 
Therefore, it would be beneficial if one could precisely 
evaluate the frequency of a piled structure at the design stage. 
The natural frequency of a piled structure can be readily 
evaluated by using numerical methods such as FEM or FDM, 
once all the input data are correctly provided. These include 
the stiffness data for a pile-soil interface element and other soil 
parameters that require high-grade professional knowledge in 
the field of geotechnical engineering. Prakash and 
Chandrasekaran (1977) proposed a manual method of 
calculation as an alternative for evaluating the natural 
frequency of a pile system by using a single characteristic 
value of the system. Their approach has been found to yield 
inaccurate results in this study. In this paper, a simple but 
accurate method for evaluating the natural frequency of a pile-
soil system was pursued. It employs a mass-spring model. 
PREDICTION OF THE NATURAL FREQUENCY OF A 
PILE-SOIL SYSTEM 
 
Modeling of a Pile-Soil System 
 
In order to predict the natural frequency of a pile system that 
is embedded in rock, the pile was schemed as a three-
dimensional indeterminate cantilever beam that is supported 
by three springs, as shown in Fig. 1. The number of soil layers 
was assumed to be three. The horizontal resistance of the soil 
surrounding the pile was modeled by connecting the three 
springs with different stiffness values to the pile. The mass of 
the pile was represented by three concentrated masses 
according to the division of the soil layer. The mass of the 
superstructure was represented by one concentrated mass. The 
damping ratio was neglected for simplification in modeling 
because the influence of the damping ratio on the natural 
frequency is generally very small in the case when the 
damping ratio is lower than 20 percent. 
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(a) prototype pile system          (b) mass-spring model 
Fig. 1. Modeling of a pile-soil system 
 
 
Calculation of the Natural Frequency 
 
Using the mass matrix ( M ), which relates to concentrated 
masses of the pile and the superstructure, and the stiffness 
matrix ( K ) that consists of the flexural stiffness of the pile 
and the spring stiffness between the pile and the soil, the 
equation of motion is obtained as Eq. (1). 
 
( )M U KU P t
••
+ =                        (1) 
 
where U  is the displacement matrix and ( )P t  is the dynamic 
load matrix. The natural frequency of the pile system, nf , can 
be calculated by evaluating the Eigen value, λ , from the 
frequency equation, which is expressed as Eq. (2).  
 




=                    (2) 
 
 
DETERMINATION OF THE INPUT PARAMETERS 
 
Division of the Soil Layer 
 
In Fig. 1(b), the mass matrix and the stiffness matrix can be 
calculated differently according to the locations of installation 
of the springs. In turn, this may affect the computed results of 
the natural frequency of the pile-soil system. Since a laterally 
loaded pile shows meaningful behavior above its infinite depth, 
the soil layer was divided by using three different methods, as 
shown in Figs. 2(a), 2(b), and 2(c) considering the infinite 
depth of the pile. The natural frequencies that were calculated 
through each method were compared with those obtained from 
1-g shaking table model pile tests that were performed with 
regard to dry dense sand deposits (Yoo et al., 2009).  
In Fig. 2(a), three springs were installed at equal intervals in 
relation to the infinite depth and no spring was installed below 
the infinite depth (Method Ⅰ). In Fig. 2(b), two springs were 
installed at equal intervals in relation to the infinite depth and 
one spring was installed at the center below the infinite depth 
(Method Ⅱ). In Fig. 2(c), the position of the fixed end of the 
cantilever beam was adjusted to the location of the infinite 
depth and three springs were installed at equal intervals in 




(a) Method Ⅰ                           (b) Method Ⅱ 
 
 
(c) Method Ⅲ                            





The diagonal 4x4 mass matrix of the mass-spring model was 
constructed using concentrated masses of the pile and the 
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In Eq. (3), 1m , 2m , and 3m  are the concentrated masses of the 
pile and 4m is the concentrated mass of the superstructure. 
The concentrated masses of the pile were determined by 
dividing the total mass of the pile in proportion to the depth 
of each soil layer. 
 
 
Stiffness Matrix  
 
The stiffness matrix consisting of the flexural stiffness of the 
pile and the pile-soil spring stiffness was obtained by 
considering the equilibrium, constitutive relations, and 
compatibility requirements. Fig. 3 shows the force 
components that act at the nodes. In Fig. 3, the equilibrium 
condition means that the external load, P, at each node and the 
internal forces, Q, of the members connected to the node are 
always at equilibrium. The following relationship is valid for 
the whole system in this study. 
 
 8 1 8 11 11 1P A Q× × ×=                         (4) 
 
In Eq. (4), A  is the equilibrium matrix, which can be 
determined from the relationship between P and Q at each 
node as shown in Eq. (5).  
 
1 2 3 4 8, ,P Q Q P Q= + ⋅⋅⋅ ⋅ ⋅ ⋅ ⋅ ⋅ =  
 
5 1 2 3 4 9 8 7 8
4 3 1
1 1 1( ) ( ) , , ( )P Q Q Q Q Q P Q Q
L L L




Fig. 3. Force components that act at the nodes 
 
The constitutive relation represents the relationship between 
the internal forces, Q, of the members, which are developed 
through the external load, P, at each node, and the internal 
deformation, e, of the members. The relationship can be 
expressed as shown in Eq. (6). 
11 1 11 11 11 1Q S e× × ×=                                    (6) 
 
In Eq. (6), S  is the total member stiffness matrix, which can 
be constructed by assembling the stiffness matrix of each 
member at the positions of the principal diagonal components, 
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In the above, EI  is the flexural stiffness of the pile. 
 
The compatibility requirement represents the relationship 
between the external nodal displacement, d, and the internal 
member deformation, e, which can be expressed as Eq. (8). 
 
11 1 11 8 8 1e B d× × ×=                             (8) 
  
In Eq. (8), B  is the compatibility matrix. Since the 
compatibility matrix, B , is related to the equilibrium matrix, 
A , through the equation, TB A= , the stiffness matrix, K , 
can be determined through Eq. (9), according to Eqs. (4), (6), 
and (8). 
 
p Kd= , ( ) ( ) ( )Tp AQ A Se AS Bd ASA d= = = =  
TK ASA∴ =                          (9) 
The stiffness matrix, K , which is determined as an 8×8 
matrix can be simplified to a 4×4 matrix by applying the 
concept of condensation because there is no external moment 
( 1 4~P P ) in this study. 
 
 
Spring Stiffness between the Pile and Soil 
 
Although the stiffness of the pile in the stiffness matrix, K , is 
the specific value that is determined by the flexural rigidity of 
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estimated differently according to the methods proposed by 
various researchers. In this study, the spring stiffness, which 
exerts considerable influence on the calculated natural 
frequency, was evaluated by using the coefficient of subgrade 
reaction modulus, the p-y curve, and the subsoil elastic 
modulus. The resulting natural frequencies were compared 
with those of 1-g shaking table tests. 
 
Pile-Soil spring stiffness determined using the coefficient of 
subgrade reaction modulus. Terzaghi (1955) and Reese (1974) 
assumed that the subgrade reaction in granular soil increases 
linearly with the depth and proposed the coefficient of 
subgrade reaction modulus, which represents the rate of 
increase of the subgrade reaction with the depth, listed in 
Table 1. The spring stiffness can be calculated by multiplying 
the coefficient of subgrade reaction modulus, hn , the depth of 
the spring, z , and the thickness of each soil layer, h , as 
shown in Fig. 4(a). 
 
Table 1. Coefficients of subgrade reaction modulus 
Researchers 
Below the groundwater 
level 
Above the groundwater 
level 
loose medium dense loose medium Dense 
Terzaghi(1955) 
 4 14 34 7 21 56 
Reese(1974) 
 5.4 16.3 34 6.8 24.4 61 
 
Pile-Soil spring stiffness determined using p-y curves. 
Generally, the nonlinear characteristics of soil resistance 
according to the displacement of the pile can be represented 
by p-y curves. In practice, the soil resistance at the predicted 
displacement is determined by using p-y curves from which 
the pseudo linear spring stiffness is calculated as the secant 
slope. In this study, the secant slope at a  deflection of the pile 
diameter of 1% was calculated according to the Korea bridge 
design specification (2001) by using the p-y curves of Reese et 
al. (1974) and the American Petroleum Institute (API, 1987), 
which are frequently used for seismic loading conditions in 
practice. The pseudo linear spring stiffness was calculated as 
shown in Fig. 4(b). 
 
The Reese and API p-y curves were derived from field tests by 
applying static or cyclic loads at the pile head. However, the 
soil-pile interaction mechanism in tests is different from that 
under actual earthquake loading conditions. Ting et al. (1987) 
and Dou and Byrne (1996) performed dynamic pile load tests 
and showed that the currently used p-y curves cannot be 
appropriate for seismic loading conditions. Therefore, the 
spring coefficients were also calculated additionally by using 
the dynamic p-y backbone curve suggested by Yang (2009) 
through experimentation for earthquake loading conditions 
and the dynamic p-y curves of the NCHRP (National 
Cooperative Highway Research Program, 2001). 
 
 
(a) Using the coefficients of subgrade reaction modulus 
 
 
(b) Using the p-y curves 
 
 
(c) Using the elastic modulus of soil 
























































2 2 2k K h= ×
3 3 3k K h= ×
4 4 4k K h= ×
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Pile-Soil Spring stiffness determined using the elastic modulus 
of soil. Carter (1984) suggested equations for predicting the 
modulus of subgrade reaction using the elastic modulus of soil 
and the relative stiffness between the pile and soil. The spring 
stiffness was calculated by using Carter’s method, as shown in 
Fig. 4(c). The shear wave velocity of the soil in Eq. (11) was 















                   (10) 
22 (1 )s s sE V uρ= +                          (11) 
 
In the above, sE  is the elastic modulus of soil, sV  is the shear 
wave velocity, su is the Poissons ratio, D  is the diameter of 
the pile, and p pE I  is the flexural stiffness of the pile. 
 
 
1-G SHAKING TABLE TESTS (Yoo et al. 2009) 
 
In order to evaluate the applicability of the proposed method, 
the natural frequencies calculated by using the proposed 
method were compared with those obtained from 1-g shaking 
table model pile tests performed on the pile-soil systems by 
Yoo et al. (2009) in dry dense sand deposits. The test 
conditions and the measured natural frequency in each test are 
as follows.  
 
Fig. 5 shows the schematic drawing of the test section. A soil 
box was made of transparent acrylic plates of 180cm length, 
60cm width, and 120cm height. In these tests, strain gauges 
were attached to the pile to measure the bending moment. 
Accelerometers were installed at the same depth as the strain 
gauges for monitoring the free field response of the soil. 
LVDT and another accelerometer were also installed at the 




Fig. 5. Schematic drawing for the test section (Yoo et al. 2009) 
 
The dry sand layer was made to have a relative density of 80% 
with Jumoonjin sand, which is characterized as clean and 
uniform sand. The properties of Jumoonjin sand are listed in 
Table 2. 
 









SP 2.65 1.66  1.33  0.58mm 1.68 
 
Three types of model pile were used in these tests. Model piles 
with a hollow circular section were made of aluminum alloy. 
The outer diameter, radius, flexural stiffness, and embedded 
depth of the model pile, and the location and the mass of the 
superstructure are summarized in Table 3.  
 
Yoo et al. performed sweep tests to evaluate the natural 
frequency of the pile-soil system. The amplitude of 
acceleration was varied from 0.01g to 0.2g; this range 
included the amplitude of seismic design criteria in South 
Korea. The natural frequencies obtained from each test are 
summarized in Table 3. Test results show that the natural 
frequency of the pile-soil system decreases as the amplitude of 
acceleration increases. This is because the large deformation 
of soil under strong shaking causes a decrease in the elastic 
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Table 3. Mechanical properties of the model pile and the natural frequencies obtained from each test (Dry sand)
Number Embedded depth (cm) 










superstructure (kg) Pile mass (kg) 
Measured natural 
frequency (Hz) 















APPLICATION OF THE PROPOSED METHOD 
 
The natural frequencies of the pile-soil system were predicted 
by inputting the proposed mass matrix and the stiffness matrix 
into the frequency equation. Then, these frequencies were 
compared with those of the 1-g shaking table tests that were 
performed on the pile-soil systems in dry dense sand deposits 
(Yoo et al. 2009).  
 
The cyclic p-y curves of API and Reese for determining the 
spring stiffness between the pile and soil were computed based 
on the peak frictional angles of 41° for dense sand and 33° for 
loose sand, which were obtained from a triaxial test, and the 
initial modulus of subgrade reaction, which was recommended 
by the API (1987). Dynamic p-y curves from the NCHRP 
were developed based on the static p-y curves of API, which 
are widely used for static loading conditions. In particular, the 
bender element test needs to be performed to obtain the shear 
wave velocity along the soil depth and thus, to determine 
various coefficients in the NCHRP p-y curve method and the 
subsoil elastic modulus in Carter’s method.  
 
Tables 4, 5, and 6 show the results of the comparison of the 
measured and computed natural frequencies of the pile-soil 
systems in dry sand deposits with respect to the various 
methods of calculation of the spring stiffness and the methods 
of dividing the soil layer (Fig. 2). 
 
In Tables 4, 5, and 6, the natural frequencies calculated by a 
manual method of calculation proposed by Prakash and 
Chandrasekaran (1977) were found to be inaccurate and 
almost thrice the test results. The natural frequencies 
calculated by the method proposed in this study show greatly 
improved results in comparison with those obtained by the 
manual method of calculation. However, the results from the 
proposed method show some differences depending on the 
method of calculation of the spring stiffness between the pile 
and soil. The comparison shows that Reese’s (1974) method 
that utilizes the coefficient of subgrade reaction modulus and 
Yang (2009)'s dynamic p-y backbone curve method yielded 
natural frequencies of the pile-soil system that were the closest 
to the test results. When the input acceleration was very small, 
e.g., 0.01g, the discrepancy between the predicted results and 
the test results was about 10%. When the input acceleration 
was either 0.1g or 0.2g, the predicted results were found to be 
in the range of the test results and the discrepancies between 
the two sets of results were within 5%. Therefore, it is 
estimated that the natural frequency can be predicted 
reasonably with the proposed method in the range of the 
amplitude of seismic design criteria in South Korea 
(0.07g~0.154g). 
 
In the same table, the variation with the locations of 
installation of the springs of the calculated results for the 
natural frequency was not found to be large (within 5%). This 
is despite the fact that Methods Ⅰ and Ⅲ, which are described 
earlier in this paper, led to more reasonable results. 
 
The characteristics of the soil near the subsurface have a great 
effect on the lateral behavior of a pile foundation. Therefore, 
in this study, additional analyses were performed by changing 
the locations of installation of the three springs as 
10%/30%/60% and 20%/30%/50% in relation to the infinite 
depth in Methods Ⅰ and Ⅲ. Table 7 shows the natural 
frequencies calculated according to the locations of the springs 
through Reese’s (1974) and Yang (2009)’s methods for 
evaluating the spring stiffness; these methods yielded the 
closest results to the test results. From Table 7, it is seen that 
there is no significant variation in the natural frequency with 
the locations of installation of the springs. 
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Table 4. Comparison of the calculated natural frequencies of pile-soil systems with those from shaking table tests in dry sand deposits  
(Test number 1) 
Experiment results Manual 
method 
(Prakash) 





Coefficient of subgrade 
reaction modulus p-y curve 
Elastic 
modulus 
Terzaghi Reese API Reese Yang NCHRP Carter 
0.01g~ 0.2g 12.8 ~ 11.0 34.2 
Ⅰ* 9.5 Ⅰ 11.3 Ⅰ 10.0 Ⅰ 9.6 Ⅰ 10.7 Ⅰ 10.5 Ⅰ 9.1 
Ⅱ 9.6 Ⅱ 11.0 Ⅱ 9.7 Ⅱ 9.4 Ⅱ 10.3 Ⅱ 10.4 Ⅱ 9.2 
Ⅲ 9.7 Ⅲ 11.4 Ⅲ 10.2 Ⅲ 9.7 Ⅲ 10.9 Ⅲ 10.6 Ⅲ 9.3 
*Ⅰ, Ⅱ, and Ⅲ denote the type of the method of dividing soil layers.  (Fig. 2) 
 
 
Table 5. Comparison of the calculated natural frequencies of pile-soil systems with those from shaking table tests in dry sand deposits  
(Test number 2) 
Experiment results Manual 
method 
(Prakash) 





Coefficient of subgrade 
reaction modulus p-y curve 
Elastic 
modulus 
Terzaghi Reese API Reese Yang NCHRP Carter 
0.01g~ 0.2g 14.7 ~ 12.4 39.0 
Ⅰ 10.9 Ⅰ 12.9 Ⅰ 11.5 Ⅰ 11.0 Ⅰ 12.5 Ⅰ 12.3 Ⅰ 10.3 
Ⅱ 11.0 Ⅱ 12.5 Ⅱ 11.8 Ⅱ 10.8 Ⅱ 11.9 Ⅱ 12.2 Ⅱ 10.5 
Ⅲ 11.1 Ⅲ 13.0 Ⅲ 11.6 Ⅲ 11.1 Ⅲ 12.6 Ⅲ 12.4 Ⅲ 10.6 
 
 
Table 6. Comparison of the calculated natural frequencies of pile-soil systems with those from shaking table tests in dry sand deposits  
(Test number 3) 
Experiment results Manual 
method 
(Prakash) 





Coefficient of subgrade 
reaction modulus p-y curve 
Elastic 
modulus 
Terzaghi Reese API Reese Yang NCHRP Carter 
0.01g~ 0.2g 19.5 ~ 16.7 50.2 
Ⅰ 14.8 Ⅰ 17.7 Ⅰ 15.6 Ⅰ 14.8 Ⅰ 17.5 Ⅰ 16.7 Ⅰ 14.0 
Ⅱ 14.9 Ⅱ 17.1 Ⅱ 15.9 Ⅱ 14.6 Ⅱ 16.6 Ⅱ 16.6 Ⅱ 14.2 
Ⅲ 15.1 Ⅲ 17.8 Ⅲ 15.7 Ⅲ 14.9 Ⅲ 17.7 Ⅲ 16.8 Ⅲ 14.2 
 
 
Table 7. The natural frequencies calculated according to the locations of the springs (Test number 1)
Experiment results Reese 
(division of the soil layer,  
Method Ⅰ ) 
Reese 
(division of the soil layer, 
Method Ⅲ) 
Yang 
(division of the soil layer, 
Method Ⅰ ) 
Yang 






0.01g~ 0.2g 12.8 ~ 11.0 
10%/30%/60% 11.0 10%/30%/60% 11.0 10%/30%/60% 10.6 10%/30%/60% 10.7 
20%/30%/50% 11.1 20%/30%/50% 11.1 20%/30%/50% 10.7 20%/30%/50% 10.9 






A simple mass-spring model was proposed for evaluating the 
natural frequency of a pile-soil system. The following are the 
conclusions drawn in this study. 
 
1. The diagonal 4x4 mass matrix of the mass-spring model 
was constructed using concentrated masses of the pile and the 
superstructure. The stiffness matrix consisting of the flexural 
stiffness of the pile and the pile-soil spring stiffness was 
 Paper No. 5.11a                                                                                                                                                                                          8 
obtained by considering the equilibrium, constitutive relations, 
and compatibility requirements. The two matrices were then 
input in the frequency equation for calculating the natural 
frequency of the pile-soil system. 
 
2. When the natural frequencies calculated by the newly 
proposed method (adopting Reese’s coefficient of subgrade 
reaction modulus or Yang's dynamic p-y backbone curves for 
evaluating the pile-soil spring stiffness) were compared with 
those from 1-g shaking table tests performed on pile-soil 
systems in dry dense sand deposits (Yoo et al., 2009), the 
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